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1. Introduction
Petrov’s classification ([1],[2]) is an algebraic classi-
fication of the 4D space-time on the one hand but, on
the other hand, it is an algebraic classification of gravi-
tational fields.
This classification is that of the Riemann curvature
tensor or the conformal curvature (the Weyl tensor).
The original version of this classification was created
by Petrov in the matrix representation in 3D Euclidean
complex space. The main idea of the classification is
solution of an eigenvalue problem of the Weyl traceless
symmetric 3 × 3 complex matrices. The classification
is constructed on the basis of the eigenvalues and eigen-
value vectors of the Weyl matrices.
The set of Weyl matrices is decomposed onto classes
(types) of 3× 3 Weyl matrices depending on the eigen-
values and eigenvalue vectors. There are seven types of
such Weyl matrices: I, Ia, II, D, III, N, 0. Each
type of Weyl matrix corresponds to a specific type of
gravitational field.
In particular, the gravitational field of N type is an
analog of the field of a plane electromagnetic wave (the
transverse-transverse gravitational wave). The type III
fields are also wave fields, but with a longitudinal com-
ponent. The analog of the Coulomb field is a type
D field. The II type is a combination of the type D
and N fields. In a weak approximation, such a field
can be considered as a superposition of the Coulomb
and plane wave gravitational fields. Type Ia fields are
an analog of electromagnetic stationary waves. The
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canonical Ia type of Weyl matrix can be written in the
form WIa = diag(0, 1,−1). This algebraic type is con-
nected with a gravitational field of head-on scattering
of weak gravitational type N waves. A generalization
of Minkowski space-time is type 0 field with a confor-
mally flat metric. Gravitational fields which have not
symmetry belong to the most general type I.
2. Catastrophe theory and alge-
braic classification of gravita-
tional fields
The Petrov algebraic classification of space-time is close-
ly connected with solutions of the cubic eigenvalues
equation ([1],[2])
λ3 + pλ+ q = 0, (1)
where the set of values λ is the set of eigenvalues, and
the parameters p and q are the control parameters on
the (p, q ) plane, respectively (see Fig.1).
This equation can be considered to be an existence
condition for critical points ofthe ”potential” function
U = λ4/4 + pλ2/2 + qλ. (2)
Such a ”potential” function U describes a cusp
catastrophe [3].
Eq.(1) has three roots. The separatrix equation, or
the Neile equation of a half-cubic parabola,
Q = (p/3)3 + (q/2)2 = 0, (3)
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leads to equality of two of three roots, where Q is the
discriminant of the cubic equation.
Thus in this case we have types D and II according
to the algebraic classification of space-time. Elimination
of variable λ from the two equations
d2U/dλ2 = 3λ2 + p = 0;
d3U/dλ3 = 6λ2 = 0. (4)
leads to the requirement q = 0 (degeneracy of the Weyl
matrix). This means that λ1 = 0; λ2 = −λ3 =
√
p.
Therefore there is a one dimension Maxwell set on the
parameter plane (p, q). Solution of Eq.(4) gives the cusp
point p = q = 0 (the thrice degenerate point).
Figure 1. The cusp catastrophe’s surface and its pro-
jection onto the plane of the control parameters p and
q .
On the other hand, Petrov’s algebraic classification
is the algebraic classification of gravitational fields. On
the plane (p, q ) the Petrov algebraic types are marked
as sets I,Ia, II, D and the degenerate points as III,
N, 0. These algebraic types correspond to ”the phase
states” of gravitational fields. For example, typesD and
II correspond to the set of points of half-cubic parabola
(the Neile curve). Type Ia corresponds to the Maxwell
manifold where there are the first-order phase transi-
tions and the function U is structurally unstable. At
the cusp point we have a point of a second-order phase
transition. There are three degenerate algebraic types:
III, N, 0. A transition into type 0 (the conformally flat
algebraic type) is a transition into the ”most symmetric
phase”.
If we consider the parameter p as an analog of a tem-
perature, then the first-order and second-order deriva-
tives of the function U behave as the entropy and the
thermal capacity, respectively. Then we have a physical
interpretation of jumps of ranks of the Weyl matrices
as jumps of the corresponding thermal capacity in the
cusp. It is a second-order phase transition in the space
of algebraic types, i.e. a phase transition between the
phase states (algebraic types) of gravitational fields.
It is known that all algebraic types of gravitational
fields (except type I) are very unstable under small per-
turbations by other algebraic types (other gravitational
fields) as can be seen in [4]. From the point of view the
catastrophe theory, it is clear that a change in the type
of gravitational field (of the Petrov algebraic type) is
connected with phase transitions of specific order [5].
3. Some examples of gravitational
phase transitions
The first example is the limiting field of a rapidly moving
particle as its velocity tends to the speed of light and
the rest mass tends to zero. Such a limiting procedure
is called the lightlike limit ([6],[7]).
Using this limiting procedure for Schwarzschild, Kerr
and NUT particles leads to lightlike particles: lightons
and helixons ([6],[7]). Under such a procedure, the grav-
itational fields of particle-like sources with rest masses
undergo a sudden second-order phase transition. The al-
gebraic type D of the gravitational fields of particle-like
sources passes on into type N or III (the wave algebraic
types).
Hence the lightlike limit correspond to the cusp
catastrophe at the level of Weyl’s matrix with a change
of the gravitational field symmetry of such a source (a
change of the Killing vectors) ([6],[7]).
The second example is connected with a change of
the algebraic type of the gravitational field at the center
of a spherical fluid ball. It is shown in [8] that at the
center of a ball and in its neighborhood we have the
algebraic type 0 while in the remaining part of the ball
there is typeD of the gravitational field. In other words,
at the center and its neighborhood there is a second-
order phase transition as a change of the algebraic type
of space-time [8].
4. Summary
The Petrov algebraic classification is the classification of
admissible gravitational fields of different types. Tran-
sitions between types of this classification are analogs of
phase transitions in condensed matter. The catastrophe
theory is a generalization of the Landau phase transi-
tion theory. In this paper, a relationship between this
theory and the Petrov classification is shown.
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